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1 Context

b(0,0,1)

Large system of spinless, non relativistic fermions in R2 %
e Homogeneous transverse magnetic field
o External potential V : R? — R

e Radial interaction potential w : RZ — R

h
Magnetic length: [, = ﬁ

h: reduced Planck’s constant
L]

Semi-classical and high magnetic field limit: /, — 0

Free ground state density on RZ: f
a \
pae ’
Goal: effective dynamics when [, — 0 %
\\\ A _?o\*\
~ RaNE

1 Context 1/12



2 Model

Magpnetic Laplacian
In a unit system where m = %, c=1,qg=1,

Ly = (—ihV — bA)? (1)
Magnetic momentum: &, ;, == —ihV — bA
Vector potential in symmetric gauge:
XL 01 A1 0
A=— = VAA=|h|Ar[A]=]0 (2)
2 03 0 1

X1\ . .
where X = (Xl) is the position operator.
2
Landau level quantization:

Ly =Y. 2hb (n+ %) My (3)

neN

My: projection on the nth Landau level

2 M =1d ;2 (gay 4)

neN
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Density matrix: ~ € £! (L? (R?)) such that Tr(v) = 1,7 > 0.
R2 — R4

Physical density: p- : x = y(x,x)

Hartree equation: Let ~(t) be a density matrix Vt € Ry,
ihory = [Zp + V + w* py,7] (5)

Scaling: I, — 0 such that ib = O(1)
Classical mechanics: Newton's second law with constant homogeneous force field F

Z" = F 4+ bZ"* (6)
gives
_1ZL(0)| [cos(bt) FL
2(t) = b sin(bt) + Tt ™
—
Cyclotron: Z. Drift: Zy4
where we imposed Z,4(0) = (8) , Z:(0) = |ZC720)\ (é)
Drift's time scale: O(b).
Time scaling:  ~,(t) :== vy(bt), then
i0eyp = [Ly+ V + W pyy, Y] (H)
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Fermionic Density Matrix (FDM): ~;, density matrix such that ~, < 27/?
[ ——

Degeneracy per area in a Landau level:

1
27 l?

Pauli Principle

Slater determinants: let ¢1.y = L? (R?) be an orthonormal family, with N = {

then

satisfies

b

2

1
27l

b

“ , define

(®)

9

(10)
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R4 x R?
t,z

Classical dynamics in the potential V + w * p given a density p :

Level sets of V + w * p Classical trajectories for different b

Drift equation:
dep(t,z) + VH(V + wx p(t))(2) - Vap(t,z) = 0 (D)
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3 Main result
(s, v): set of couplings between probabilities p, v € P (RZ), 1-Wasserstein metric:

WiGew) = inf [ x=yldn(xy) (11)
' R2xR2

—I Theorem: Convergence of densities }

Let ~, be the solution of (H) given v,(0) a FDM such that for some p > 7,

Tr (’yb(O) (Xb +V+ %w * p»yb)> <C, Tr(vw(0)|X|P)<C (12)

Let p solve (D). Assume V,w e W4 (R?) and Vw € L! (R?) ,w € H? (R?).
Then, ¥t € Ry, ¥p € Wh (R?) n H? (R?),

[ 0 0n® = 2| < € (Iellwnco + 19¢l12) <w1 (926 0),p(0)) + 1y ‘”<2“'1’-7”)> (13)
R2

Challenges to overcome:
o Semi-classical phase space: R? x N
e Controlling the fast cyclotron motion
o Large b/semi-classical time scale
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Effective dynamics graph

Many body N5 #% Mean field Hartree L -~ +o High magnetic field Gyrokinetic
Schrédinger . K Hartree-Fock
¢ [BenedikterPortaSchlein14]

transport

[PériceRougerie24]

%0
semi- . 2D coulomb
classical | [LaflecheSaffirio20] interaction

ChenlLeeLiew21
[ ] L = +o High magnetic field
Vlasov Euler vorticity

[GolseSaint-Raymond99]

[Porat22], 2D coulomb, %ib « O (interactions), phase space = R? x R?

Perspectives:
e Reduce regularity assumptions on potentials (methods from [ChonglaflecheSaffirio21])

- Dynamics of Hushimi functions inside a Landau level
- Bounds of higher moments of the kinetic energy

e Start from Hartree-Fock and Schrédinger dynamics

e Non homogeneous magnetic field
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4 Quantization

Operators: Position Annihilation Creation
Cyclotron ri= Qﬁ%b ac= 2~ i al =2 +in
y b T < P,
R — iR Ri + iR
Drift Ri=X—r | agm= 202 | o0t
V21, V21,
— Proposition: Magnetic Laplacian diagonalization
[ac,az] = [ad,az] =1d, [ac, aq] = [ac,az] = [ai,ad] = [az,az] =0, and
()" ()" +
ac ay 1 2
_—_— ith = % 14
®n,m T o0 Wi ©0,0(x) e (14)

is a Hilbert basis of L2 (Rz) of eigenvectors of .%},. Moreover

My = 2 |‘Pn,m>

meN

1
(enml|, Lo =2hb <aiac + 5)

(15)
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Coherent state Let z:= 2z + iz € C, and z :== (21,22) € R?,

J L

22} —2a4 _ m
Pn,z =€ V2l ®no = € ; (ﬂ) ©n,m
then
in w-z\" 7\#2\24722,#«
en,z(x) = 7\/%&, <\[le> e b
Ren,z = Zpn,z
Phase space projector:
M,z = |S0n71> <<Pn,2|: M, = Z |‘Pn,1> (@n,2|

satisfies

1

ﬁ jl_l,,,zdz =M, MN(x,y)=

R2

so VN, (x,y) = I%(x — y)Nz(x,y). In operator form
b

1
vin, = =
z I/g

1

——e
2
2rlf

[Nz, X]

neN

_ |)<7y|272¢'(xl >y+22L-(x7y))

2
4/b

(16)

(17)

(18)

(19)

(20)
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5 Semi-classical limit
Let 7, be a density matrix,

. 1
Phase space density m., (n,z) = ﬁ (@n,z|Vbn,z)
Semi-classical density p; () = Tr (vpM2)
Truncated semi-classical density sc*iM(z = Z m~, (n, z)

— Proposition: Convergence of p%,S <M

Let 7, be a FDM, then Yy € L® ~ H! (R2),

[ @ (s = )| < COUME 4 My [T (. 25) (21)

R2 Characteristic length inside NLL
&
1
We need 1 « M « —, higher Landau levels are controlled with the conserved kinetic energy
b
Tr(15-%s) = 2hb ) (n+ ) Jm% (n, z)dz (22)

neN
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— Proposition: Gyrokinetic equation for the truncated semi-classical density

Let t € R1,vp(t) be a FDM, W € W*®(R?) and assume

0y (t) = [Lo+ W, ()], Tr((t)%) < € (23)

1
then there exists a choice of 1 « M « 7 such that Yy € L1~ who (RZ),
b

f ¢ (@p“’SM +Viw . v, st (24)

o () o () ) 5
RZ

&

<M .
Convergence p3,;S" — p:
e Dobrushin-type stability estimate for the limiting equation

e Use confinement for initial data
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6 Central computation
We recall the dynamics and (*)

. 1
i20eyp = Tr (L + W, ), Vil = =5 [Nz, X]
b

Evolution part

1 1 1 1
0ep% (2) =—5Tr (My0ey) = — - 5 Tr (M [% + W, ]) = —5Tr (9 [Nz, % + W
t03, (2) 212 r (Mz0typ) 2n TP r (N [Zp + W, ]) 2inlt r(v [ b+ W)
= T n,, w 25
2in ] r( [ i) (25)
Spacial part
VEW(z) - Vp= (2) = — YW(z) - —Tr (vbvinz) =L YW@ Tr (s [N, X))
b 271'/3 z 2i7rlg
1
=— ——Tr(w [N, VW(z) - X]) (26)
2imly
SO
0ep%, (2) + V- W(2) - VS (2) = i P [Nz, W = VW(2) - X]) (27)
b
where
(M, W —VW(z) X](x,y) = Nz(x,y) (W(y) = W(x) = VW(z) - (y — x)) (28)
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Thanks for your attention
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